Abstract -A new proof of the direct part of the quantum channel coding theorem is shown based on a standpoint of quantum hypothesis testing. A packing procedure of mutually noncommutative operators is carried out to derive an upper bound on the error probability, which is similar to Feinstein's lemma in classical channel coding. The upper bound is used t o show the proof of the direct part along with a variant of Hiai-Petz's theorem in hypothesis testing.
I. INTRODUCTION
Let ' FI be a finite-dimensional Hilbert space which represents a physical system of information carrier. We will treat a quantum channel defined by a mapping x E X H p x , where X is a finite set of input alphabets and each px is a density operator on 7-L. An encoding-decoding system of the message over the n-th extension of the channel is described as follows. Each message IC E {1 ,... , M n } is encoded to a The average error probability of the code (C", X") is given by Pe ( C n , X n ) %if & The rate R is called achievable if there exists a code which satisfies liminf,,, log M n / n 2 R and 1imn4-Pe (C", X " ) = 0, and the channel capacity C is defined as the supremum of achievable rates. One of the most essential theorems in quantum information theory is the quantum channel coding theorem:
The direct part of the theorem, i.e. existence of good codes, was first established by [I] [2] , where the notion of the typical subspace along with the random coding technique was utilized. Subsequently, another proof of the theorem was given in [ 3 ] , where the method of type in the quantum setting and a packing procedure of operators were developed. In this manuscript, based on a prototype [4] , the relation with quantum hypothesis testing is investigated, which leads to a new proof of the direct part along with a packing procedure of operators.
with transmission rate log M n / n .
( (j"") be the pinching, i.e. the projection of $"" onto the *-subalgebra composed of comwith a real parameter a , where {X > 0 ) denotes the projection onto the direct sum of eigenspaces corresponding to positive eigenvalues of a Hermitian operator X. Then the error probability of the first kind for the test is written as
mutants of e"", and define a test
where { X 5 0} ef I -{X > 0 ) and we used a property of the pinching:
The error probability 6, is tend to zero exponentially if Yn min {e-"' , 1 -6, -yn -2-} 5 eWna Mn ,
Y n + 6n
For any a < I ( p ) , we have limn+, 6, = 0 as mentioned above.
Therefore the theorem yields lim inf,,, log Mn 2 a and limn,m Pe (C", X " ) = 0, and hence we have given a new proof of the direct part of the quantum channel coding theorem.
